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Point Vortices
•A point vortex is a 
solution to the 2D Euler 
equations with vorticity 
concentrated at a single 
point.

• It is characterized by two  
quantities: circulation 
(strength and orientation) 
and position.

• This model, derived by 
Helmholtz, idealizes 
Euler’s equations for the 
motion of interacting point 
vortices.

• It is a Hamiltonian system, 
enabling the use of 
Hamiltonian theory and 
tools for its study.

Vortices formation while oceans and atmospheres move 
heat around on Earth and other planetary bodies.



Kirchhoff’s Hamiltonian Representation
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Consider N-vortices located at i = (xi, yi) with the strength �i,
then the system of ODEs describing the N-vortex motion can be
described by the Hamiltonian,
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System of 2N point vortex equations:
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Vortex Dipole
A point vortex dipole consists of two vortices with equal strength but 

opposite circulation placed close together, forming a dipole.

• Vortices induce motion in each other, making the dipole move as a pair.

• The dipole travels in a straight line perpendicular to the line 
connecting the two vortices. 

Vortex dipole formed by cold water (dark) 
in the central part of the sea.

Sketch of vortex dipole
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The evolution equations derived
by Gröbli
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`ij be the distance between vortices i and j
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A be the area of the triangle formed by the vortices
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� = ±1 indicate the orientation of the triangle spanned
by the three vortices.



Gröbli's Ancient Coordinate System

• Gröbli (1877) Explicit reduction to 
quadratures of the three-vortex problem 
for arbitrary vortex circulations.
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Gröbli's Ancient Coordinate System

• Gröbli (1877) Explicit reduction to 
quadratures of the three-vortex problem 
for arbitrary vortex circulations.

• Synge (1949) Trilinear coordinates.
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Gröbli's Ancient Coordinate System

• Gröbli (1877) Explicit reduction to 
quadratures of the three-vortex problem 
for arbitrary vortex circulations.

• Synge (1949) Trilinear coordinates.

• Aref (1979) Rederivation of Gröbli’s 
solution, and use of trilinear 
coordinates to interpret the results.
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Trilinear Coordinate System
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Vortices of circulation (1, 1,-1)
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Vortices of circulation (1, 1, 1)
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Jacobi Coordinates (classical)
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applied recursively.
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This is the equation for a circle. It passes through the three
vertices of the equilateral triangle and, thus, is the circum-
scribed circle of that triangle. In Fig. 2 we show this circle,
and the regimes corresponding to “cases 1–4” and “case 6”
from Table I. “Case 3” consists of !half of" the arc of the
circle separating the two regimes “2” and “4.” The further
partitioning of regime “4” into several pieces is explained
below. The regime corresponding to “case 5” is not available
in the diagram in Fig. 2 since this representation relies on
"1!0. Fortunately, detailed results for the case of vanishing

total circulation are available independently.13,14 The regime
corresponding to “case 6” is !half of" the lower right wedge
in the diagram. Although we show the full diagram, and
curves such as Eq. !47" extended throughout, our convention
#3$#2$#1 restricts us in Fig. 2 to a subset of the full plane.
This very useful diagram appears in the work by Conte and
de Seze7 and Conte.9

We may now draw the curve corresponding to Eq. !46"
in the diagram in Fig. 2. A threefold symmetric curve with
three cusps arises. Points inside this curve correspond, in
general, to three collinear relative equilibria. Exceptions
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FIG. 2. The trilinear !!1 ,!2 ,!3" diagram used to classify regimes of three-vortex motion. The various curves dividing up “circulation space” are explained in
the text. The circle circumscribed about the basic equilateral triangle is given by Eq. !47". The dashed lines are #1+#3=0 and #2+#3=0, respectively. The
cusped curve is given by Eq. !46". Labels 1, 2, etc., give the various regimes summarized in Table I. The convention #3$#2$#1 on the three circulations
restricts interest to a subset of the diagram.
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FIG. 2. The trilinear !!1 ,!2 ,!3" diagram used to classify regimes of three-vortex motion. The various curves dividing up “circulation space” are explained in
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FIG. 2. The trilinear !!1 ,!2 ,!3" diagram used to classify regimes of three-vortex motion. The various curves dividing up “circulation space” are explained in
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FIG. 2. The trilinear !!1 ,!2 ,!3" diagram used to classify regimes of three-vortex motion. The various curves dividing up “circulation space” are explained in
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This is the equation for a circle. It passes through the three
vertices of the equilateral triangle and, thus, is the circum-
scribed circle of that triangle. In Fig. 2 we show this circle,
and the regimes corresponding to “cases 1–4” and “case 6”
from Table I. “Case 3” consists of !half of" the arc of the
circle separating the two regimes “2” and “4.” The further
partitioning of regime “4” into several pieces is explained
below. The regime corresponding to “case 5” is not available
in the diagram in Fig. 2 since this representation relies on
"1!0. Fortunately, detailed results for the case of vanishing

total circulation are available independently.13,14 The regime
corresponding to “case 6” is !half of" the lower right wedge
in the diagram. Although we show the full diagram, and
curves such as Eq. !47" extended throughout, our convention
#3$#2$#1 restricts us in Fig. 2 to a subset of the full plane.
This very useful diagram appears in the work by Conte and
de Seze7 and Conte.9

We may now draw the curve corresponding to Eq. !46"
in the diagram in Fig. 2. A threefold symmetric curve with
three cusps arises. Points inside this curve correspond, in
general, to three collinear relative equilibria. Exceptions
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FIG. 2. The trilinear !!1 ,!2 ,!3" diagram used to classify regimes of three-vortex motion. The various curves dividing up “circulation space” are explained in
the text. The circle circumscribed about the basic equilateral triangle is given by Eq. !47". The dashed lines are #1+#3=0 and #2+#3=0, respectively. The
cusped curve is given by Eq. !46". Labels 1, 2, etc., give the various regimes summarized in Table I. The convention #3$#2$#1 on the three circulations
restricts interest to a subset of the diagram.
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Above the separatrix, X ! +1
as t ! +1, kv2k diverges, an
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Below the separatrix, X ! -1
as t ! +1, kv1k diverges, a di-
rect scattering.
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!1!2 + !2!3 + !3!1 = 0. !47"

This is the equation for a circle. It passes through the three
vertices of the equilateral triangle and, thus, is the circum-
scribed circle of that triangle. In Fig. 2 we show this circle,
and the regimes corresponding to “cases 1–4” and “case 6”
from Table I. “Case 3” consists of !half of" the arc of the
circle separating the two regimes “2” and “4.” The further
partitioning of regime “4” into several pieces is explained
below. The regime corresponding to “case 5” is not available
in the diagram in Fig. 2 since this representation relies on
"1!0. Fortunately, detailed results for the case of vanishing

total circulation are available independently.13,14 The regime
corresponding to “case 6” is !half of" the lower right wedge
in the diagram. Although we show the full diagram, and
curves such as Eq. !47" extended throughout, our convention
#3$#2$#1 restricts us in Fig. 2 to a subset of the full plane.
This very useful diagram appears in the work by Conte and
de Seze7 and Conte.9

We may now draw the curve corresponding to Eq. !46"
in the diagram in Fig. 2. A threefold symmetric curve with
three cusps arises. Points inside this curve correspond, in
general, to three collinear relative equilibria. Exceptions
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FIG. 2. The trilinear !!1 ,!2 ,!3" diagram used to classify regimes of three-vortex motion. The various curves dividing up “circulation space” are explained in
the text. The circle circumscribed about the basic equilateral triangle is given by Eq. !47". The dashed lines are #1+#3=0 and #2+#3=0, respectively. The
cusped curve is given by Eq. !46". Labels 1, 2, etc., give the various regimes summarized in Table I. The convention #3$#2$#1 on the three circulations
restricts interest to a subset of the diagram.
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• alters both the topology and the linear 
stability of all 5 equilibria.

• the linear arrangements become unstable.

• The triangular arrangements in Region 2 exhibit 
neutral stability. 

!1!2 + !2!3 + !3!1 = 0. !47"

This is the equation for a circle. It passes through the three
vertices of the equilateral triangle and, thus, is the circum-
scribed circle of that triangle. In Fig. 2 we show this circle,
and the regimes corresponding to “cases 1–4” and “case 6”
from Table I. “Case 3” consists of !half of" the arc of the
circle separating the two regimes “2” and “4.” The further
partitioning of regime “4” into several pieces is explained
below. The regime corresponding to “case 5” is not available
in the diagram in Fig. 2 since this representation relies on
"1!0. Fortunately, detailed results for the case of vanishing

total circulation are available independently.13,14 The regime
corresponding to “case 6” is !half of" the lower right wedge
in the diagram. Although we show the full diagram, and
curves such as Eq. !47" extended throughout, our convention
#3$#2$#1 restricts us in Fig. 2 to a subset of the full plane.
This very useful diagram appears in the work by Conte and
de Seze7 and Conte.9

We may now draw the curve corresponding to Eq. !46"
in the diagram in Fig. 2. A threefold symmetric curve with
three cusps arises. Points inside this curve correspond, in
general, to three collinear relative equilibria. Exceptions
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FIG. 2. The trilinear !!1 ,!2 ,!3" diagram used to classify regimes of three-vortex motion. The various curves dividing up “circulation space” are explained in
the text. The circle circumscribed about the basic equilateral triangle is given by Eq. !47". The dashed lines are #1+#3=0 and #2+#3=0, respectively. The
cusped curve is given by Eq. !46". Labels 1, 2, etc., give the various regimes summarized in Table I. The convention #3$#2$#1 on the three circulations
restricts interest to a subset of the diagram.
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Conclusion

•Finish the stability analysis of the three-vortex 
(arbitrary circulation).

• Complete the case where circulation sums to zero.

• Review more literature to find more applications 
of the new coordinate system.
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Thank you!
Questions?


