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Point Vortices

® A point vortex 1s a
solution to the 2D Euler
equations with vorticity
concentrated at a single
point.

@ It is characterized by two
quantities: circulation
(strength and orientation)
and position.

® This model, derived by
Helmholtz ’ idealizes Vortices formation while oceans and atmospheres move
Fuler'’s equations for the heat around on Earth and other planetary bodies.
motion of interacting point
vortices.

@ It is a Hamiltonian system,
enabling the use of
Hamiltonian theory and
tools for its study.



Kirchhoff’s Hamiltonlian Representation

Consider N-vortices located at ri = (xi,yi) with the strength I3,
then the system of ODEs describing the N-vortex motion can be

described by the Hamiltonian,

]
7‘[(1‘1,1‘2,1’3, T >rN) — Are Z rirj logHri — I Hz

1<1<j<N
System of 2N point vortex equations:

h dt aXi .

[ = —,
dt ayl




Vortex Dipole

A point vortex dipole consists of two vortices with equal strength but
opposite circulation placed close together, forming a dipole.

® Vortices induce motion in each other, making the dipole move as a pair.

® The dipole travels in a straight line perpendicular to the line
connecting the two vortices.

=z
s nozzle

Vortex dipole formed by cold water (dark) Sketch of vortex dipole
in the central part of the sea.
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Synge (1949) Trilinear coordinates.

® Aref (1979) Rederivation of Grobli’s

solution, and use of trilinear
coordinates to interpret the results.
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Jacobi Coordinates (classical)

The first transformation
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Rz =Thvry +1orp + 1313, k3 =17 + 12 +1T3,

where I + 15 + 13 #0
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R =1y; <1 =T

s

Ry, =1, —13; K2 = o=

[ +1T13

[F, + It .

R3; = 2~2 ,.,33; K3 =17 +13.
o +1T3
Jacobi

transformation 1is
applied recursively.
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Nambu Bracket

® Generalization of (R1,R2) — (X,Y, Z,0)
Poisson Brackets > (O conserved)

® Considers a
canonical triplet

V

The system with coordinates (X,Y, Z),
the evolution equations

The reduced system
1s free from <<
Coordinate
Singularities

q X
— Y| =VC x VH
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Barycentric coordinates for circulation
space whenl{ + 1, + 13 =1

Fixed Point Analysis

(Jacobian) (0,0,1) Is a center (stable)
0 0 3 0 30 :

¥0,1,0="0 0 O, and X1,0,0="9 0 ¥ (O,i %,i %) IS a saddle
13 0 O 0O 0 O

Triangular Collinear

Equilibrium Equilibrium

( (saddle)



' =(1,1,!' 1): "> <0 (Hyperboloid)

which satisfy:

dX _ 12y 4zY
dt / + | Z21 X2°
ay  2X
dt Z+1°

@0 dZ _ 4XY
New Coordinates d__t - ZZ | X2’

X=11y 1%+ ly,l?:

Y= 21vy!l vyl sin! : | f=zE XY

7= 1v12 4 1y,12: (conserved quantity)

=1 21yl vyl cos! .
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The space is the upper
sheet of a two-sheeted

hyperbola.

The level sets of the
Hamiltonian are
plotted in the phase
planes

What do they represent in
Aref’'s Phase Plane diagram?

Triangular
configuration where
at the separatrix

Collinear
configuration at the

origin

Vortices of circulation (1,1,—1)
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(0,0)

X=1 1y 1?4 1y,l?:

Y=2!vi!l volsin! .

X vanishes when the triangle o
vortices IS Isosceles.

Y vanishes when the three vor
tices are collinear, which is not ¢
singularity of the coordinate sys-
tem.

Above the separatrix, X I +"
ast ! +" | lv,! diverges, ar
exchange scattering.

Below the separatrix, X I I'"

ast! +" ,!vq! diverges, adi-
rect scattering .
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Global Phase Plane! , <0

‘i:
4v

-4 -2 0 2 4
X

0 <0

| = 5 51

) 979" 9

® alters both the topology and the linear
stability of all 5 equilibria.

® the linear arrangements become unstable.

® The triangular arrangements in Region 2 exhibit
neutral stability.

Vortex Collapse \ f

| = 2 271 \

' 313" 3 | @ < |

3 Iyl 4 Iylg+ 1405 =0 f & 7§
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Thank you!
Questions?



