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ABSTRACT

THE GLOBAL PHASE SPACE OF THE THREE-VORTEX
INTERACTION SYSTEM AND ITS APPLICATION TO

VORTEX-DIPOLE SCATTERING

by
Atul Anurag

This dissertation presents a global reduction of the classical three-vortex problem

that is free from coordinate singularities, enabling a comprehensive analysis of the

system’s dynamics across all circulation regimes.

To achieve this, a two-step symplectic reduction procedure is developed. The

first step introduces Jacobi coordinates adapted to the symplectic structure of the

vortex system, and the second applies a Lie-Poisson reduction to the resulting system.

This formulation eliminates the non-physical singularities associated with collinear

vortex configurations and facilitates a global phase space analysis, including a detailed

and novel investigation of bifurcations.

Within this reduced framework, all relative fixed points are systematically

identified and their stability and bifurcation behaviors are classified. The reduction is

further applied to the vortex-dipole scattering problem, extending previous analyses

to treat a more general case.

In this process, classical approaches dating back to Gröbli (1877), which relied

on pairwise vortex distances, are extended and refined. While historically effective,

those coordinates introduce singularities that obstruct a complete analysis. The

present method overcomes these limitations, enabling a singularity-free and unified

description of the full three-vortex dynamics.

A major challenge arises in the case of vanishing total circulation, where

the Jacobi coordinate reduction fails. This is addressed by refining the reduction

technique to handle the degenerate case and establishing a continuous connection to



the non-vanishing regime. This unified treatment enables a complete description of

the three-vortex dynamics across all circulation configurations.

Finally, the methodology is extended to the integrable four-vortex problem that

results under conditions of vanishing total circulation and linear impulse, providing

new insight into vortex dynamics in regimes where classical tools are limited.
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“Karmanye vadhikaraste Ma Phaleshu Kadachana,
Ma Karmaphalaheturbhurma Te Sangostvakarmani”

You have the right to perform your prescribed duty, but
you are not entitled to the fruits of action. Never consider
yourself the cause of the results of your activities, and
never be attached to not doing your duty.

Bhagavad Gita 2.47
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• The two nonzero fixed points x∗ = ±√
µ (which exist only when µ > 0) are

both stable.

This behavior describes a supercritical pitchfork bifurcation, where the origin

loses stability and a pair of symmetric, stable fixed points emerge as the bifurcation

parameter µ becomes positive.

A subcritical pitchfork bifurcation can be obtained by reversing the sign of the

cubic term, leading to symmetric unstable fixed points that exist for µ < 0, which

disappear as the origin becomes stable when µ > 0.

2.3 Hamiltonian Dynamical Systems

2.3.1 Equations of motion

The Hamiltonian equations of motion describe the evolution of a dynamical system

in terms of generalized coordinates q and generalized momenta p. For any triplet

(q,p, t) ∈ RN × RN × R, the Hamiltonian function H(qi, pi, t) represents the total

energy of the system. The equations of motion are given by:

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
, (2.13)

where i = 1, 2, · · · , N. If H is time independent, the system is said to be an

autonomous system with N degrees of freedom.

A more compact and geometric formulation of a Hamiltonian system is as

follows: Let z = (q,p) ∈ R2N . For each smooth function H : R2N → R the

Hamiltonian vector field XH : R2N → R2N is defined as

XH(z) :=
(
JT
)−1

DH(z) = −JDH(z),
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where J is the 2N × 2N symplectic matrix defined as

J :=

 0 IN

−IN 0


where IN is the N ×N identity matrix.

In this notation, Hamilton’s equations take the form:

dz

dt
= J∇H(z, t). (2.14)

2.3.2 Poisson brackets

Poisson brackets play a fundamental role in Hamiltonian mechanics, offering a

powerful way to describe the time evolution of dynamical systems, symmetry

properties, and conserved quantities.

Given a Hamiltonian system with canonical coordinates (qi, pi), the Poisson

bracket of two functions f(q,p) and g(q,p) is defined as

{f, g} =
N∑
i=1

(
∂f

∂qi

∂g

∂pi
− ∂f

∂pi

∂g

∂qi

)
. (2.15)

For a time-dependent function f := f(q,p; t), we have

df

dt
=

N∑
i=1

(
∂f

∂qi

∂qi
∂t

+
∂f

∂pi

∂pi
∂t

)
+
∂f

∂t

= {f,H}+ ∂f

∂t
. (2.16)

The Poisson brackets of the canonical coordinates in the phase space of (q,p) satisfy

{pi, pj} = {qi, qj} = 0, {qi, pj} = δij,

where δij is the Kronecker delta.
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The variables q and p are referred to as conjugate variables if and only if

{q, p} = 1.

For any functions F,G,H ∈ C2(RN ×RN ×R), the Poisson bracket is a bilinear

operation defined on pairs of functions in C2(RN × RN × R), which satisfies the

following conditions:

{F,G} = −{G,F} (Antisymmetry),

{FG,H} = F{G,H}+G{F,H} (Leibniz Rule),

{aF + bG,H} = a{F,H}+ b{G,H} (Bilinearity),

and

{F, {G,H}}+ {G, {H,F}}+ {H, {F,G}} = 0 (Jacobi Identity).

If the system is governed by a Hamiltonian H, the time evolution of any function

f := f(q,p) is given by:

df

dt
= {f,H}. (2.17)

Applying this to the canonical coordinates q and p, we recover Hamilton’s equations:

q̇i = +
∂H

∂pi
= {qi, H} and ṗi = −∂H

∂qi
= {pi, H}.

In Hamiltonian mechanics, two functions f and g of the canonical phase-space

coordinates (x, y) are said to be in involution if their Poisson bracket vanishes, i.e.,

{f, g} = 0.
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Equilibrium points in Hamiltonian systems exhibit unique stability properties

due to the conservative nature of the system. Since the Hamiltonian represents

the system’s total energy, it remains constant, preventing the system from having

attractors or sinks, as is typical in dissipative systems. This characteristic is in

contrast to general linear systems, where the behavior of equilibrium points, such as

stable nodes or unstable sources, depends on the eigenvalues of the system’s Jacobian

matrix.

In Hamiltonian mechanics, equilibrium points are typically classified as either

centers, saddles, or parabolics, with no equilibrium points being asymptotically stable.

The possible behaviors of these points are:

• Elliptic (Center): These occur when the system’s Jacobian matrix has purely
imaginary eigenvalues, leading to closed, periodic orbits around the equilibrium
point. This behavior is characteristic of neutral stability, where trajectories
oscillate but do not decay to a fixed point, staying confined to a constant energy
surface.

• Hyperbolic (Saddle): These points have eigenvalues with both positive and
negative real parts, leading to divergent trajectories along certain directions.
This indicates instability; however, due to energy conservation, the system does
not settle into a steady state.

• Parabolic (Degenerate): These points occur when the Jacobian matrix has
eigenvalues with zero real parts, causing the system to exhibit degenerate
behavior. This can lead to non-oscillatory motion, where trajectories may
neither settle to a fixed point nor exhibit typical periodic behavior.

The equilibrium points in Hamiltonian systems therefore exhibit oscillatory or

unstable behaviors, but never lead to dissipation or the collapse of the system to a

steady state.

2.3.4 Integrability condition and conserved quantities

A set of N integrals of motion in involution forms N isolating integrals of motion,

restricting the system’s trajectory within phase space. Noether’s theorem connects
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the system can be solved in terms of quadratures—that is, by explicitly performing

integrals.
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3.1.2 Vorticity equation

The vorticity, denoted by ω, is defined as the curl of the velocity field u = (u, v, w) ∈

R3:

ω = ∇× u.

A velocity field u is said to be irrotational if its vorticity ω vanishes, i.e.,

ω = ∇× u = 0.

Taking the divergence of the vorticity equation yields

∇ · ω = ∇ · (∇× u) = 0,

since the divergence of a curl is always zero. Similarly, applying the curl to the

vorticity yields

∇× ω = ∇× (∇× u),

and utilizing the vector identity

∇× (∇× u) = ∇(∇ · u)−∇2u,

the equation simplifies to

∇× ω = −∇2u.

For an irrotational incompressible flow, there exists a scalar potential function

ϕ such that the velocity field is given by

u = ∇ϕ.
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This defines a potential flow, where the velocity field is derived from a potential

function, ensuring irrotationality. If the flow has a rotational component, the

Helmholtz-Hodge decomposition states that the velocity field u can be expressed as:

u = ∇ϕ+∇×ψ,

where:

• ∇ϕ represents the irrotational (potential) component, and

• ∇×ψ represents the solenoidal component associated with vorticity.

Taking the curl, we obtain

∇× u = ∇× (∇ϕ+∇×ψ)

= ∇×∇ψ

= ∇(∇ · u)−∇2ψ

= −∇2ψ.

In two dimensions, the Poisson kernel in the plane is given by

G(x) =
1

2π
log ∥x∥.

This kernel can be used to determine the streamfunction ψ(x) from the vorticity

distribution ω(y) via the integral

ψ(x) =

∫
G(x− y)ω(y) dy.

For a two-dimensional velocity field u = (u, v, 0), the vorticity has only one

nonzero component,
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ω = (0, 0, ω),

where the vorticity ω(x, y, t) is given by

ω = (∇× u)z =
∂v

∂x
− ∂u

∂y
.

To determine the velocity field, we solve the Poisson equation

∇2ψ = −ω.

For a known ψ, the velocity components can be obtained from the stream-

function using

u = ∇×ψ =

(
∂ψ

∂y
,−∂ψ

∂x
, 0

)
. (3.1)

These equations describe the motion of a particle in the two-dimensional flow

field governed by the vorticity-streamfunction formulation.

3.1.3 Discrete point-vortex approximation

Instead of a continuous vorticity field, we assume that vorticity is concentrated at

discrete points:

ω(x) =
1

2π

∑
i

Γiδ(x− xi),

where Γi is the strength of the vortex at the location xi, and δ is the Dirac delta

function.
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dr

dt
=

2
√
3 sin(2θ)

3 cos(2θ)− 5
.

Consequently, for (X, Y ) in the first or third quadrant, dr
dt

is negative and constant.

The solution converges to zero within a finite time while preserving a constant

triangular shape. Similarly, in the second and fourth quadrants, the solution

collapses into the origin in negative time. This provides the most elementary

mathematical description of the observed phenomenon. The visual representation

remains essentially unchanged, when Γ2 ̸= Γ1, with the exception that the angles of

the rays separating growing from decaying motions, for parameter combinations on

the circle changes.

The Θ < 0 phase surface is characterized by closed orbits surrounding the

singularity S3. The Θ > 0 phase surface contains a single equilibrium E3, from which

emerge a pair of homoclinic orbits, each encircling the singularity S1 or S2.
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Figure 5.8 The XY phase planes in case e with Γ3 =
−1
3
. The trajectories in the

Θ = 0 case are rays through the origin and correspond to triangles that shrink to
zero in finite forward time (quadrants one and three), finite backward time
(quadrants two and four), or do not change size (the X- and Y -axes).

Point d: Γ3 =
−1
2

As Γ3 decreases past the critical value −1
3
, four equilibria reappear from infinity and

emerge on the phase surfaces for Θ < 0, now with their stability types exchanged:
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